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CONVEX BODIES AND GRADED FAMILIES OF MONOMIAL IDEALS
YAIRON CID-RUIZ AND JONATHAN MONTAÑO∗
ABSTRACT. We show that the mixed volumes of arbitrary convex bodies are equal to mixed mul-
tiplicities of graded families of monomial ideals, and to normalized limits of mixed multiplicities
of monomial ideals. This result evinces the close relation between the theories of mixed volumes
from convex geometry and mixed multiplicities from commutative algebra.
1. INTRODUCTION
The connection between volumes of convex bodies and algebraic-geometric invariants has long
been explored by researchers and it has led to numerous applications in various fields of mathemat-
ics. To highlight some of these we have Bernstein–Koushnirenko–Khovanskii Theorem [1,16,17],
Hu’s proof of the log-concavity of characteristic polynomials of matroids [12], and the theory of
Newton-Okounkov bodies [14, 18] and its applications to limits in commutative algebra [5].
The goal of this paper is to expand on this fruitful research line by showing that the mixed vol-
umes of arbitrary convex bodies are equal to mixed multiplicities of graded families of monomial
ideals, and also to normalized limits of mixed multiplicities of monomial ideals (Theorem C). This
is an extension of the main result in [22] where the case of lattice polytopes is treated. Our proof
is based on two intermediate results of interest in their own right (Theorem A and Theorem B).
Let R be a d-dimensional standard graded polynomial ring over a field k and m= [R]+ its graded
irrelevant ideal. For homogeneous ideals J1, . . . ,Jr and an m-primary homogeneous ideal I there
exist integers e(d0,d)(I|J1, . . . ,Jr)> 0 for every d0 ∈N, d = (d1, . . . ,dr) ∈N
r with d0+ |d|= d−1,



















e(d0,d)(I|J1, . . . ,Jr)





1 · · ·n
dr
r ,
for every n0,n1, . . . ,nr > 0 (see [21] for a survey). On the other hand, by Minkowski’s Theo-
rem, for a sequence of convex bodies K1, . . . ,Kr in Rd, the mixed volumes MVd(Kρ1 , . . . ,Kρd) of
sequences (Kρ1 , . . . ,Kρd) of convex bodies with 16 ρ1, . . . ,ρd 6 r satisfy the following equation












λd11 · · ·λdrr
for every λ1, . . . ,λr > 0 (see [8, Theorem 3.3, page 116]). The relation between these two sets of
invariants is established in [22] where the authors show that mixed volumes of lattice polytopes
coincide with the mixed multiplicities of certain monomial ideals. However, this relation do not
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extend to arbitrary convex bodies as the associated sequences of ideals are no longer powers of
ideals but rather (not necessarily Noetherian) graded families of ideals.
A sequence of ideals I = {In}n∈N is a graded family if I0 = R and IiIj ⊆ Ii+j for every i, j ∈ N.
The family is Noetherian if the corresponding Rees algebra R(I) = ⊕n∈NIntn ⊆ R[t] is Noe-
therian. The study of mixed multiplicities of graded families was pioneered by Cutkosky-Sarkar-
Srinivasan [4] for the case of m-primary filtrations (in more general rings), that is, when each In
is m-primary and In+1 ⊆ In for every n ∈ N. Their strategy is to first show the existence of these
multiplicities for Noetherian filtrations, and then pass to arbitrary filtrations using the theory of
Newton-Okounkov bodies [14] (see also [5] and [18]). In our first result, we prove the existence
of mixed multiplicities for arbitrary graded families of monomial ideals under a mild assumption.
Our approach differs from the one of [4] in that we exploit Minkowski’s Theorem to show the
existence of the polynomial leading to the definition of mixed-multiplicities.
In order to present our first result we need to introduce some prior notation. Let I = {In}n∈N
be a (not necessarily Noetherian) graded family of m-primary monomial ideals and let J(1) =
{J(1)n}n∈N, . . . ,J(r) = {J(r)n}n∈N be (not necessarily Noetherian) graded families of monomial
ideals in R. We further assume that the degrees of generators of J(i)n are bounded by a linear
function onn for each 16 i6 r. We note that the latter condition is similar to others that have been
considered in previous works regarding limits of graded families of ideals (see, e.g., [5, Theorem
6.1]).
Theorem A (Theorem 3.12, Lemma 3.13). Under the notations and assumptions above, the func-
tion
F(n0,n1, . . . ,nr) = lim
m→∞ dimk
(
J(1)mn1 · · ·J(r)mnr
/
Imn0J(1)mn1 · · ·J(r)mnr
)
md
is equal to a homogeneous polynomial G(n0,n) = G(n0,n1, . . . ,nr) of total degree d with non-
negative real coefficients for all n0 ∈ N and n = (n1, . . . ,nr) ∈ Nr. Additionally, G(n0,n) has no
term of the form αnd = αnd11 · · ·n
dr
r with 0 6= α ∈ R, d = (d1, . . . ,dr) ∈ Nr and |d|= d.
Furthermore, the coefficients of the polynomial G(n0,n) can be explicitly described in terms of
mixed volumes of certain Newton-Okounkov bodies.
We note that Theorem A is new even when the graded families are all m-primary. In this case,
our theorem is an extension of that of [4] for monomial ideals (also, see [15]). For this reason, we
isolate the m-primary case in Theorem 3.5.











here if d = (d1, . . . ,dr) then d! = d!! · · ·dr!. For each (d0,d) ∈ Nr+1 with d0 + |d| = d− 1, we
define the real numbers e(d0,d) (I|J(1), . . . ,J(r))> 0 to be the mixed multiplicities of J(1), . . . ,J(r)
with respect to I (see Definition 3.14).
The volume and multiplicity of a graded family of zero dimensional ideals B = {Bn}n∈N in a





and eS(B) = lim
p→∞ eS(Bp)ps ,
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respectively; where λ(N) denotes length of the S-moduleN and eS(J) denotes the Hilbert-Samuel
multiplicity of the ideal J. Several works prove the equality of these two invariants under certain
assumptions (see [3, 5, 7, 18, 19]). The general version of the so called Volume = Multiplicity
formula is due to Cutkosky and it is shown on any S for which the limit in the definition of volume
exists [6]. In our next result we show a “Volume = Multiplicity formula” for mixed multiplicities
of graded families of monomial ideals.
Theorem B (Theorem 4.6). With the above assumptions and notations, for each d0 ∈ N and
d = (d1, . . . ,dr) ∈ Nr with d0 + |d|= d−1, we have the equality
e(d0,d) (I|J(1), . . . ,J(r)) = limp→∞
e(d0,d) (Ip|J(1)p, . . . ,J(r)p)
pd
.
With the previous results in hand, we are ready to present the main result of this paper. Here
we express mixed volumes of arbitrary convex bodies as mixed multiplicities of graded families
of monomial ideals and as normalized limits of mixed-multiplicities of ideals.
Now, let us fix the following slightly different notation. Let (K1, . . . ,Kr) be a sequence of convex
bodies in Rd>0 andK0⊂Rd be the convex hull of the points 0,e1, . . . ,ed ∈Rd, where 0= (0, . . . ,0)∈
Rd and ei = (0, . . . ,1, . . . ,0) denotes the i-th elementary basis vector for 1 6 i 6 d. Denote by K
the sequence of convex bodies K = (K0,K1, . . . ,Kr). For each (d0,d) = (d0, . . . ,dr) ∈Nr+1 we let




j=1{Ki} of di copies of Ki for each 0 6 i 6 r. Here let
R be a (d+ 1)-dimensional standard graded polynomial ring over a field k and m = [R]+ be its
graded irrelevant ideal. We let M be the graded family M = {mn}n∈N.
Theorem C (Theorem 5.4). Under the notations and assumptions above, there exist graded fami-














e(d0,d)(m | J(1)p, . . . ,J(r)p)
p|d|
.
In particular, when r= d, we obtain the equalities








e(0,1,...,1)(m | J(1)p, . . . ,J(d)p)
pd
.
Finally, we briefly describe the content of the paper. In Section 2 we set up the notation and
include some preliminary results that are used in the rest of the paper. In Section 3 we include the
proof of Theorem A and in Section 4 the one of Theorem B. Lastly, Section 5 includes the proof
of our main result Theorem C.
2. NOTATION AND PRELIMINARIES
In this section, we set up the notation that is used throughout the article. We also include some
preliminary information needed for our results.
For a vector n = (n1, . . . ,nr) ∈ Nr we denote by |n| the sum of its entries. We also denote
by 0 and 1 the vectors (0, . . . ,0) ∈ Nr and (1, . . . ,1) ∈ Nr, respectively. For n = (n1 . . . ,nr) and
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m = (m1, . . . ,mr) in Nr we write n>m if ni>mi for every 16 i6 r. Moreover, we write n 0
if ni 0 for every 16 i6 r. We also use the abbreviations nm =nm11 · · ·n
mr
r and n!=n1! · · ·nr!.
Below we recall the definitions of graded families of ideals and filtrations of ideals.
Definition 2.1. A graded family of ideals {Ii}i∈N in a ring R is a family of ideals indexed by the
natural numbers such that I0 = R and IiIj ⊂ Ii+j for all i, j ∈ N.
(i) If (R,m) is a local ring (or a positively graded ring with m = [R]+) and Ii is m-primary for
i > 0, then we say that {Ii}i∈N is a graded family of m-primary ideals.
(ii) If we have the inclusion Ii ⊇ Ii+1 for all i∈N, then we say that {Ii}i∈N is a filtration of ideals
in R.
(iii) We say that {Ii}i∈N is Noetherian when the corresponding Rees algebra
⊕
i∈N Iit
i ⊂ R[t] is
Noetherian.
(iv) When R = k[x1, . . . ,xd] is a standard graded polynomial ring over a field k and each Ii is a
monomial ideal, we say that {Ii}i∈N is a graded family of monomial ideals.
2.1. Mixed volumes of convex bodies. Let K = (K1, . . . ,Kr) be a sequence of convex bodies
in Rd. For any sequence λ = (λ1, . . . ,λr) ∈ Nr of non-negative integers, we denote by λK the





copies of Ki for each 16 i6 r.
For any convex body K⊂ Rd, we denote by Vold(K) the d-dimensional volume. The following
important and classical theorem says that the volume Vold(λK) of the convex body λK is a poly-
nomial of degree d in λ (see [8, Theorem 3.2, page 116]). For more details regarding the topic of
mixed volumes the reader is referred to [8, Chapter IV].
Theorem 2.2 (Minkowski). Vold(λK) is a homogeneous polynomial of degree d that satisfies
Vold(λ1K1 + · · ·+λrKr) =
r∑
ρ1=1,...,ρd=1
V(Kρ1 , . . . ,Kρd)λρ1 , . . . ,λρd ,
for certain coefficients V(Kρ1 , . . . ,Kρd), where the summation is carried out independently over
the ρi for 16 i6 d.
Theorem 2.2 leads to the following definition (see [8, Theorem 3.3, page 116]).
Definition 2.3. The mixed volume of d convex bodies K1, . . . ,Kd ⊂ Rd is defined by
MVd(K1, . . . ,Kd) := d!V(K1, . . . ,Kd).








2.2. Semigroups, Newton-Okounkov bodies, and Limits of Lengths. In this subsection, we
describe the notions and methods of Newton-Okounkov bodies and recall some important results
from [14].
Here we use a slightly simpler setting. Suppose that S ⊂ Zd+1 is a semigroup in Zd+1. Fix a
linear map π : Rd+1→ R with integral coefficients, that is π(Zd+1)⊂ Z.
Let L = L(S) be the linear subspace of Rd+1 which is generated by S. Let M =M(S) be the
rational half-space M(S) := L(S)∩π−1(R>0), and let ∂MZ = ∂M∩Zd+1. Let Con(S) ⊂ L(S)
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be the closed convex cone which is the closure of the set of all linear combinations
∑
iλisi with
si ∈ S and λi > 0. Let G(S)⊂ L(S) be the group generated by S.
We say that the pair (S,M) is admissible if S ⊂M; additionally, if Con(S) is strictly convex
and intersects the space ∂M only at the origin, then (S,M) is called a strongly admissible pair
(see [14, Definition 1.9]).
Following [14], when (S,M) is an admissible pair we fix the following notation:
– [S]k := S∩π−1(k).
– m= ind(S,M) := [Z : π(G(S))].
– ind(S,∂M) := [∂MZ :G(S)∩∂M].
– ∆(S,M) := Con(S)∩π−1(m) (the Newton-Okounkov body of (S,M)).
– q= dim(∂M).
– Volq(∆(S,M)) is the integral volume of ∆(M,S) (see [14, Definition 1.13]); this volume is
computed using the translation of the integral measure on ∂M.
The following result is of fundamental importance in our approach.
Theorem 2.4 (Kaveh-Khovanskii, [14, Corollary 1.16]). Suppose that (S,M) is strongly admis-
sible. Then
lim
k→∞ #[S]kmkq = Volq(∆(S,M))ind(S,∂M) .
Remark 2.5. Whenever the rational half-space M is implicit from the context, we write ∆(S)
instead of ∆(S,M).
3. MIXED MULTIPLICITIES OF GRADED FAMILIES OF MONOMIAL IDEALS
Throughout the present section we use the data below.
Setup 3.1. Let k be a field, R be the standard graded polynomial ring R = k[x1, . . . ,xd], and
m ⊂ R be the graded irrelevant ideal m = (x1, . . . ,xd). Following the notation in §2.2, we fix the
linear map π : Rd+1 → R given by the projection (α1, . . . ,αd,αd+1) ∈ Rd+1 7→ αd+1 ∈ R. Let
π1 : Rd+1→ Rd be the projection given by (α1, . . . ,αd,αd+1) ∈ Rd+1 7→ (α1, . . . ,αd) ∈ Rd. Let
M be the rational half-spaceM= π−1(R>0) = Rd×R>0.
For a semigroup S⊂ Nd+1 andm ∈ N, we denote by [S]m the level set





3.1. Mixed multiplicities of m-primary graded families of monomial ideals. In this subsec-
tion, we prove the existence of mixed multiplicities of graded families of monomial m-primary
ideals in a polynomial ring. This extends the main result from [4] in the setting of monomial
ideals. Here our proof depends directly on the Minkowski’s Theorem (Theorem 2.2).
We begin by introducing the following setup.
Setup 3.2. Adopt Setup 3.1. Let J(1) = {J(1)n}n∈N, . . ., J(r) = {J(r)n}n∈N be (not necessarily
Noetherian) graded families of m-primary monomial ideals in R. Let c ∈ N be a positive integer
such that
(2) J(i)1 ⊃mc−1 for all 16 i6 r.
and c> 2. Thus, it follows that
(3) J(i)n ⊃mcn for all 16 i6 r and n ∈ N.
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For a vector n = (n1, . . . ,nr) in Nr, we abbreviate Jn = J(1)n1 · · ·J(r)nr . We identify each
monomial xm = xm11 · · ·x
md
d ∈ R with the corresponding vector m = (m1, . . . ,md) ∈ N
d. We now
connect our setting with the information in §2.2. Let n = (n1, . . . ,nr) ∈ Nr be an r-tuple of non-
negative integers. Thus, for eachm> 1, (3) yields the following equation









We define the following set
Γn :=
{
(m,m) = (m1, . . . ,md,m) ∈ Nd+1 | xm ∈ Jmn and |m|6 cm|n|
}
.
The next lemma provides some basic properties of Γn.
Lemma 3.3. The following statements hold:
(i) Γn is a subsemigroup of the semigroup Nd+1.
(ii) G(Γn) = Zd+1, and so L(Γn) = Rd+1.
(iii) (Γn,M) is a strongly admissible pair, dim(∂M) = d and ind(Γn,M) = ind(Γn,∂M) = 1.
(iv) For any n ∈ N and 16 i6 r, we have
∆(Γnei) = (nπ1 (∆(Γei)) ,1) .
Proof. (i) Suppose that (m,m), (m ′,m ′) ∈ Γn, that is, xm ∈ Jmn, xm
′ ∈ Jm ′n, m 6 cm|n| and
m ′ 6 cm ′|n|. As J(1), . . . ,J(r) are graded families of ideals, it follows that xm+m ′ ∈ J(m+m ′)n.
Thus, the inequality |m+m ′|= |m|+ |m ′|6 cm|n|+cm ′|n|= c(m+m ′)|n| yields the result.
(ii) By (2) we can choose m = (m1, . . . ,md) ∈ Nd such that xm ∈ Jn and |m| = c|n|−1. Since
xm+ei ∈ Jn and |m+ei|= c|n| for all 16 i6 d, it follows that {e1, . . . ,ed}∈G(Γn) (here ei denotes
the i-th elementary basis vector in Nd+1). The equation
ed+1 = (m,1)−m1e1 − · · ·−mded
implies that ed+1 ∈G(Γn), and so the result follows.
(iii) The fact that (Γn,M) is strongly admissible follows from the way that Γn was defined. The
other claims are obtained directly from part (ii).












. Hence, one obtains










= nπ1 (∆(Γei)) ,
and so the result follows. 
Following [14, §1.6], we define the levelwise addition of two subsets A,B ⊆ Nd+1 = Nd×N














for every m ∈ N. The following proposition decomposes Γn as a levelwise sum of simpler semi-
groups. This basic result can be seen as the main step in our proof.
Proposition 3.4. Assume Setup 3.2. We have the equality Γn = Γn1e1⊕t · · ·⊕t Γnrer .
Proof. The result is obtained from Proposition 3.11(ii) and the fact that β(J(i)n) 6 cn for all
16 i6 r and n ∈ N (see the assumptions and notations in Setup 3.8). 
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From (4), and the fact that J(1), . . . ,J(r) are graded families of monomial ideals, we obtain that





















After the previous preparatory results, we are ready for the main result of this subsection. The
following theorem shows the existence of a homogeneous polynomial that can be used to define
the mixed multiplicities of the graded families J(1), . . . ,J(r). As a consequence of the proof, we
describe the coefficients of the polynomial explicitly in terms of the mixed volumes of certain
Newton-Okounkov bodies.
Theorem 3.5. Assume Setup 3.2. The function
F(n1, . . . ,nr) = lim
m→∞ dimk
(
R/J(1)mn1 · · ·J(r)mnr)
)
md
is equal to a homogeneous polynomial G(n) = G(n1, . . . ,nr) of total degree d with real coeffi-










where ∆(Γ) denotes the sequence of Newton-Okounkov bodies ∆(Γ) = (∆(Γe1), . . . ,∆(Γer)).
Proof. Let n = (n1, . . . ,nr) ∈ Nr. By using Theorem 2.4, Lemma 3.3(iii) and (5) we obtain the
equation

















Due to Proposition 3.4, Lemma 3.3(iv) and [14, Proposition 1.32] we get the equality
π1 (∆(Γn)) = π1 (∆(Γn1e1))+ · · ·+π1 (∆(Γnrer)) = n1π1 (∆(Γe1))+ · · ·+nrπ1 (∆(Γer)) .
Thus, (1) implies that














where π1(∆(Γ)) denotes the sequence π1(∆(Γ)) = (π1(∆(Γe1)), . . . ,π1(∆(Γer))) of convex bodies.
Finally, the result follows by combining (6) and (7). 
Proposition 3.6. Assume Setup 3.2 and use the same notation of Theorem 3.5. Let d=(d1, . . . ,dr)∈
Nr with |d|= d. Then, one has that cd−MVd(∆(Γ)d)> 0.
Proof. Let Σ ⊂ Rd be the polytope given as the convex hull of the points 0,ce1, . . . ,ced ⊂ Rd.
Consider the polytope ∆ = Σ× {1} ⊂ Rd+1, and notice that by construction we have ∆ ⊃ ∆(Γei)
for all 16 i6 r. Since Vold(∆) = cd/d! and MVd(∆, . . . ,∆) = d!Vold(∆), the inequality
cd−MVd(∆(Γ)(d1,...,dr)) = MVd(∆, . . . ,∆)−MVd(∆(Γ)(d1,...,dr))> 0
follows from the monotonicity of mixed volumes (see, e.g., [20, Eq. 5.25]). 
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With Theorem 3.5 in hand we are ready to define the mixed multiplicities of graded families of
m-primary monomial ideals. Due to Proposition 3.6, the mixed multiplicities defined below are
always non-negative.






ed(J(1), . . . ,J(r))nd.
For each d = (d1, . . . ,dr) ∈ Nr with |d|= d, we define the non-negative real number
ed(J(1), . . . ,J(r))> 0
to be the mixed multiplicities of type d of J(1) = {J(1)n}n∈N, . . ., J(r) = {J(r)n}n∈N.
3.2. Mixed multiplicities of arbitrary graded families of monomial ideals. In this subsection,
we introduce the notion of mixed multiplicities for arbitrary graded families of monomial ideals
under mild conditions. We begin with the following setup that is used in our results.
Setup 3.8. Adopt Setup 3.1. Let I = {In}n∈N be a (not necessarily Noetherian) graded family of
m-primary monomial ideals. Let J(1) = {J(1)n}n∈N, . . ., J(r) = {J(r)n}n∈N be (not necessarily
Noetherian) graded families of monomial ideals in R.
For a homogeneous ideal Jwe denote β(J) = max{j | [J⊗Rk]j 6= 0}, that is, the maximum degree
of a minimal set of homogeneous generators of J. We assume that there exists β ∈ N satisfying
β(J(i)n)6 βn
for all 16 i6 r and n∈N; similar assumptions have been considered in previous works regarding
limits of graded families of ideals [5, Theorem 6.1].
We have the following simple observation that plays an important role in our approach.
Lemma 3.9. There exists an integer c > β such that
mc(n0+|n|) ∩ Jn = mc(n0+|n|) ∩ In0Jn
for all n0 ∈ N and n = (n1, . . . ,nr) ∈ Nr.
Proof. Let c ′ ∈ N be a positive integer such that I1 ⊃ mc
′
; in particular, In0 ⊃ mn0c
′
. Let c =
max{β+1,c ′}. Since β(Jn)6 β|n|, we obtain the following inclusion
mc(n0+|n|) ∩ In0Jn ⊃ m
c(n0+|n|) ∩ mcn0Jn = mc(n0+|n|) ∩ Jn,
the result follows. 
Let c be as in Lemma 3.9, n0 ∈ N, and n = (n1, . . . ,nr) ∈ Nr. We define the sets
(8) Γn0,n :=
{





(m,m) = (m1, . . . ,md,m) ∈ Nd+1 | xm ∈ Imn0Jmn and |m|6 cm(n0 + |n|)
}
.
The lemma below is an equivalent to Lemma 3.3 and its proof follows verbatim.
Lemma 3.10. Let S⊂ Nd+1 be equal to either Γn0,n or Γ̂n0,n. The following statements hold:
(i) S is a subsemigroup of the semigroup Nd+1.
(ii) G(S) = Zd+1, and so L(S) = Rd+1.
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(iii) (S,M) is a strongly admissible pair, dim(∂M) = d and ind(S,M) = ind(S,∂M) = 1.



























































The next proposition decomposes Γn0,n and Γ̂n0,n as the levelwise sum of simpler semigroups
(this result plays the same role that Proposition 3.4 played in the previous subsection).
Proposition 3.11. Assume Setup 3.8. We have the following equalities:
(i) Γn0,n = Γn0,0⊕t Γ0,n1e1⊕t · · ·⊕t Γ0,nrer .
(ii) Γ̂n0,n = Γ̂n0,0⊕t Γ̂0,n1e1⊕t · · ·⊕t Γ̂0,nrer .
Proof. (ii) For eachm> 0, we need to show that
π1([Γ̂n0,n]m) = π1([Γ̂n0,0]m)+π1([Γ̂0,n1e1 ]m)+ · · ·+π1([Γ̂0,nrer]m).
Fixm ∈ Z>0.











. Note that, for each 16 i6 r, there exists xmi ∈ J(i)mni such thatwi= (mi,m)∈
Nd+1. Similarly, there exists xm0 ∈ Imn0 such that w0 = (m0,m) ∈ Nd+1. Since |mi| 6 cmni
for 0 6 i 6 r, it is clear that xm0 · · ·xmr ∈ Imn0Jmn and |m0 + · · ·+mr| = |m0|+ · · ·+ |mr| 6
cm(n0 + |n|). Therefore, it follows that Γ̂n0,n ⊃ Γ̂n0,0⊕t Γ̂0,n1e1⊕t · · ·⊕t Γ̂0,nrer .





. Since I,J(1), . . . ,J(r) are graded
families of monomial ideals, there exist xm0 ∈ Imn0 and xmi ∈ J(i)mni such that w= (m0 + · · ·+
mr,m) ∈ Nd+1.
By assumption we have
∑r
i=0|mi| 6 cm(n0 + |n|). For ease of notation, set J(0)n = In for all
n ∈ N.
Let l(m0, . . . ,mr) :=
∑r
i=0 max{|mi|− cmni, 0}. If l(m0, . . . ,mr) = 0, it then follows that











for 1 6 i 6 r. On the other hand, suppose
that l(m0, . . . ,mr)> 0. Thus, there exist 06 j1, j2 6 r such that |mj1 |> cmnj1 and |mj2 |< cmnj2 .
From the fact that β(J(j1)mnj1 )6 cmnj1 , we can choose 16 k6 d such that x
mj1−ek ∈ J(j1)mnj1 .
For 06 i6 r, we now set
xm
′




mj1 − ek if i= j1
mj2 + ek if i= j2
mi otherwise.
Notice that π1(w) =m ′0+ · · ·+m ′r and l(m ′0, . . . ,m ′r) = l(m0, . . . ,mr)−1. Therefore, by inducting
on l(m1, . . . ,mr), we obtain the other inclusion Γ̂n0,n ⊂ Γ̂n0,0⊕t Γ̂0,n1e1⊕t · · ·⊕t Γ̂0,nrer .
(i) This part follows similarly, for example by following the arguments of part (ii) with In = R
for all n ∈ N. 
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From Lemma 3.9 and the fact that I,J(1), . . . ,J(r) are graded families of monomial ideals, we
obtain the following equalities
























We are now ready for the main result of this section. We show the existence of a homogeneous
polynomial that allows us to define the mixed multiplicities of the graded families I,J(1), . . . ,J(r).
Additionally, we explicitly describe this polynomial in terms of the mixed volume of certain
Newton-Okounkov bodies.
Theorem 3.12. Assume Setup 3.8. The function
F(n0,n1, . . . ,nr) = lim
m→∞ dimk
(
J(1)mn1 · · ·J(r)mnr
/
Imn0J(1)mn1 · · ·J(r)mnr
)
md
is equal to a homogeneous polynomial G(n0,n) = G(n0,n1, . . . ,nr) of total degree d with real




















where ∆(Γ) and ∆(Γ̂) denote the sequences of Newton-Okounkov bodies
∆(Γ) =
(








Proof. The proof follows along the same lines of Theorem 3.5. Let n0 ∈N and n = (n1, . . . ,nr) ∈
Nr. By using Theorem 2.4, Lemma 3.10(iii) and (10) we obtain the equation



















































So, the result follows. 
Lemma 3.13. Assume Setup 3.8 and use the same notation of Theorem 3.12. Let d0 ∈ N and
d = (d1, . . . ,dr) ∈ Nr with d0 + |d|= d. Then:
(i) MVd(∆(Γ)(d0,d))−MVd(∆(Γ̂)(d0,d))> 0.
(ii) MVd(∆(Γ)(d0,d))−MVd(∆(Γ̂)(d0,d)) = 0 when d0 = 0.
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Proof. Notice that ∆(Γ1,0) ⊃ ∆(Γ̂1,0) and that ∆(Γ0,ei) = ∆(Γ̂0,ei) for all 1 6 i 6 r. So, the result
follows from the monotonicity of mixed volumes (see, e.g., [20, Eq. 5.25]). 
After proving Theorem 3.12 we can define the mixed multiplicities of graded families of mono-
mial ideals. As a consequence of Lemma 3.13, these mixed multiplicities are always non-negative
and we can restrict ourselves to the terms of the form nd0+10 n
d in the definition below.










For each d0 ∈ N and d = (d1, . . . ,dr) ∈ Nr with d0 + |d| = d−1, we define the non-negative real
number
e(d0,d) (I|J(1), . . . ,J(r))> 0
to be the mixed multiplicity of type (d0,d) of J(1) = {J(1)n}n∈N, . . ., J(r) = {J(r)n}n∈N with
respect to I = {In}n∈N.
The following remark shows that Definition 3.7 and Definition 3.14 agree in the m-primary
case.
Remark 3.15. Assume Setup 3.8 and suppose that J(1), . . . ,J(r) are also graded families of m-
primary monomial ideals. For all m,n0 ∈ N and n = (n1, . . . ,nr) ∈ Nr, we have the short exact
sequence
0→ Jmn/Imn0Jmn→ R/Imn0Jmn→ R/Jmn→ 0.
So, for each d0 ∈ N and d = (d1, . . . ,dr) ∈ Nr with d0 + |d|= d, we can deduce the following:
(i) If d0 = 0, then e(d0,d)(I,J(1), . . . ,J(r)) = ed(J(1), . . . ,J(r)).
(ii) If d0 > 0, then e(d0,d)(I,J(1), . . . ,J(r)) = e(d0−1,d)(I | J(1), . . . ,J(r)).
4. A “VOLUME = MULTIPLICITY FORMULA” FOR MIXED MULTIPLICITIES
In this section, we focus on proving Theorem B (see Theorem 4.6) which gives a “Volume
= Multiplicity formula” for mixed multiplicities. This can be seen as an extension of the usual
“Volume = Multiplicity formula” for graded families of ideals (see, e.g., [5, Theorem 6.5]). Before
that, we need to briefly recall the notion of mixed multiplicities for the case of ideals (for more
details, see, e.g., [22]).
Throughout this subsection we adopt Setup 3.8 and the following extra piece of notation.
Notation 4.1. Assume Setup 3.8. For every p ∈N and n = (n1, . . . ,nr) ∈Nr, let J(p)n denote the
ideal J(1)n1p · · ·J(r)nrp .
Let I⊂ R be a homogeneous m-primary ideal and J1, . . . ,Jr ⊂ R be homogeneous ideals. Since
I is m-primary, we have that











1 · · ·J
nr
r
is a finitely generated standard Nr+1-graded algebra over the Artinian local ring R/I. From [22,
Theorem 1.2(a)], one has a polynomial PT (n0,n1, . . . ,nr) ∈ Q[n0,n1, . . . ,nr] of degree d− 1 =
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dim(R)−1 such that PT (ν) = dimk ([T ]ν) for all ν ∈ Nr+1 with ν 0. Furthermore, if we write
(13) PT (n0,n1, . . . ,nr) =
∑
d0,d1,...,dr>0














then 0 6 e(d0,d1, . . . ,dr) ∈ Z for all d0 + d1 + · · ·+ dr = d− 1. For each d0 ∈ N and d =
(d1, . . . ,dr) ∈ Nr with d0 + |d|= d−1, we say that
(14) e(d0,d) (I | J1, . . . ,Jr) := e(d0,d1, . . . ,dr)
is the mixed multiplicity of type (d0,d) of J1, . . . ,Jr with respect to I. The following lemma shows
that the definition given in (14) agrees with the one given in Definition 3.14.
Lemma 4.2. Let I ⊂ R be a monomial m-primary ideal and J1, . . . ,Jr ⊂ R be monomial ideals.
Consider the monomial filtrations {In}n∈N, {Jn1 }n∈N, . . . , {J
n
r }n∈N given by the powers of I,J1, . . . ,Jr.









= e(d0,d) (I | J1, . . . ,Jr)
for each d0 ∈ N and d = (d1, . . . ,dr) ∈ Nr with d0 + |d|= d−1.







where n=(n1, . . . ,nr)
and Jmn denotes the ideal Jmn = Jmn11 · · ·J
mnr
r ⊂ R.



















































Ik+1Jn is a finitely generated Nr-graded










= P[T ](k,∗,...,∗)(n) for some polynomial P[T ](k,∗,...,∗)(n)













= dim(MultiProj(F(J1, . . . ,Jr))), where F(J1, . . . ,Jr) denotes








R(J1 · · ·Jr)⊗RR/m
)
.













R(J1 · · ·Jr)⊗RR/m
))
= `(J1 · · ·Jr)−16 d−1,
where `(J1 · · ·Jr) denotes the analytic spread of J1 · · ·Jr and the last inequality follows from [13,
Proposition 5.1.6].
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and so the result follows. 
Let c be as in Lemma 3.9. For ease of notation, we define the following functions (recall
Notation 4.1)






















We note that the existence of these limits follow as in (11).
The following technical proposition is needed to treat the Noetherian case of the formula.
Proposition 4.3. Assume Setup 3.8. In addition, suppose that I,J(1), . . . ,J(r) are Noetherian
graded families. Then, there exists p0 ∈ N such that if p> p0 then





Proof. By the Noetherian assumption, there exists p0 ∈ N such that
(19) J(i)nJ(i)m = J(i)n+m and InIm = In+m for every n> p0,m> p0,16 i6 r
(see, e.g., [9, Lemma 13.10], [11, Theorem 2.1]). Let n0 ∈N, n ∈Nr and p ∈N such that p> p0.
As in (8) and (9) we now define
Γn0,n(p) :=
{





(m,mp) ∈ Nd+1 | xm ∈ Imn0p J(p)mn and |m|6 cmp(n0 + |n|)
}
.
By (19), one has J(1)mpn1 · · ·J(r)mpnr = J(p)mn and Impn0J(1)mpn1 · · ·J(r)mpnr = I
mn0
p J(p)mn
for everym> 1. Therefore, for everym> 1, we get the equalities
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Thus, Theorem 2.4 yields that










































































mcmp(n0+|n|)+1 ∩ Imn0p J(p)mn
))
,
the result follows. 
We now focus on approximating the graded families I,J(1), . . . ,J(r) by using successive trun-
cations of them. For that, we need to introduce some additional notation.
Notation 4.4. Let a > 0 be a positive integer. Let Ia = {Ia,n}n∈N be the Noetherian graded family
generated by I1, . . . ,Ia, that is, for n>a one has Ia,n=
∑n−1
i=1 Ia,iIa,n−i. Likewise, define J(i)a=
{J(i)a,n}n∈N for all 16 i6 r.









(m,m) = (m1, . . . ,md,m) ∈ Nd+1 | xm ∈ Ia,mn0Ja,mn and |m|6 cm(n0 + |n|)
}
.
For every p ∈ N and n = (n1, . . . ,nr) ∈ Nr, let J(a,p)n denote the ideal J(1)n1a,p · · ·J(r)nra,p. Addi-























The next technical proposition is used in the proof of Theorem 4.6. For its proof we use an
argument quite similar to the one used in [4, Proposition 4.3].
Proposition 4.5. Assume Setup 3.8. Then, for fixed n0 ∈ N, n ∈ Nr and ε ∈ R>0, there exists
a0 ∈ N such that if a> a0 then
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Proof. For a positive integer a > 0, since In = Ia,n and J(i) = J(i)a,n for all n6 a, for allm> 1
we obtain the following inclusions


















Then, by [18, Proposition 3.1] (also, see [5, Theorem 3.2]) and Theorem 2.4, for a fixed ε ∈ R>0,
there exists a0 ∈ N such that if a> a0 then






























So, the result follows. 
Finally, we are ready for our analog of the “Volume = Multiplicity formula” in the case of
mixed multiplicities. The following theorem expresses the mixed multiplicities of graded families
as normalized limits of mixed multiplicities of ideals.
Theorem 4.6. Assume Setup 3.8. Then, for each d0 ∈N and d = (d1, . . . ,dr) ∈Nr with d0+ |d|=
d−1, we have the equality
e(d0,d) (I|J(1), . . . ,J(r)) = limp→∞
e(d0,d) (Ip|J(1)p, . . . ,J(r)p)
pd
.
Proof. Let p> 1 and consider the filtrations I(p) = {Inp }n∈N,J(1)(p) = {J(1)
n
p }n∈N, . . . ,J(r)(p) =
{J(r)np }n∈N. By applying Theorem 3.12 to the filtrations
I(p) = {Inp }n∈N, J(1)(p) = {J(1)
n
p }n∈N, . . . , J(r)(p) = {J(r)
n
p }n∈N,
let Fp(n0,n) be the function






















see (17) and (18).
Fix ε > 0 a positive real number. By using Proposition 4.5, choose a 0 such that
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From Proposition 4.3, applied to the Noetherian graded families Ia,J(1)a, . . . ,J(r)a, choose p
0 such that





Since Ia,n⊂ In and J(i)a,n⊂ J(i)n for alln∈N, one hasHp(n0,n)>Ha,p(n0,n) and Ĥp(n0,n)>
Ĥa,p(n0,n), and so from (23), (24) and (25) one obtains











Therefore, by combining (11), (22), (26) and (27) we obtain the equalities











for all n0 and n ∈ Nr. Accordingly, it necessarily follows that the coefficients of the polynomi-
als 1
pd
Gp(n0,n) converge to the ones of the polynomial G(n0,n) (see, e.g., [4, Lemma 3.2]).
Therefore, by Definition 3.14 and (21) we obtain
e(d0,d) (I|J(1), . . . ,J(r)) = limp→∞
e(d0,d) (Ip|J(1)p, . . . ,J(r)p)
pd
,
and so the result follows. 
5. MIXED VOLUMES OF CONVEX BODIES AS MIXED MULTIPLICITIES
This section includes the proof Theorem C, which is the main result of this paper (see Theo-
rem 5.4). In this result, we describe the mixed volumes of (arbitrary) convex bodies as the mixed
multiplicities of certain (not necessarily Noetherian) graded families of ideals, and as the normal-
ized limits of the mixed multiplicities of certain monomial ideals.
Throughout this section we fix the following setup.
Setup 5.1. Let k be a field, R be the standard graded polynomial ring R = k[x1, . . . ,xd+1], and
m⊂R be the graded irrelevant ideal m= (x1, . . . ,xd+1). Let π1 :Rd+1→Rd, (α1, . . . ,αd,αd+1) 7→
(α1, . . . ,αd) be the projection into the first d factors. Let π : Rd+1→ R the linear map π : Rd+1→
R, (α1, . . . ,αd,αd+1) 7→ α1 + · · ·+αd+αd+1. Let (K1, . . . ,Kr) be a sequence of convex bodies in
Rd>0.
The notation below introduces a process that we call the homogenization of a convex body.





. We call hK a suitable degree of homogenization of K. The correspond-
ing homogenization of K (with respect to hK) is defined as the convex body
K̃ := (K×R)∩π−1(hK) ⊂ Rd+1>0 .
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For each 1 6 i 6 r, let hKi be a suitable degree of homogenization for Ki and SKi be the
corresponding semigroup in Nd+1 that is determined by the homogenization K̃i ⊂ Rd+1>0 . For each
16 i6 r, we consider the (not necessarily Noetherian) graded family of monomial ideals
(28) J(i) = {J(i)n}n∈N, where J(i)n =
(
xm | m ∈ SKi and |m|= nhKi
)
⊂ R.
Let K0 ⊂ Rd be the convex hull of the points 0,e1, . . . ,ed ∈ Rd and K̃0 be its homogenization
K̃0 = {x ∈ Rd+1>0 | |x| = 1} ⊂ R
d+1; notice that hK0 = 1 is a suitable degree of homogenization for
K0. We let M be the graded family M = {mn}n∈N. Denote by K the sequence of convex bodies
K = (K0,K1, . . . ,Kr).





m ∈ Nd+1 | xm ∈ [J(i)p]phKi
}))
,
conv(−) denotes the convex hull of a finite set of points; the polytope defined above corresponds
with the generators of the ideal J(i)p. Denote by K(p) the sequence of lattice polytopes K(p) :=
(K0,K1(p), . . . ,Kr(p)). The next lemma shows that the mixed volumes of K can be approximated
with the ones of K(p).













Proof. By construction we have that 1pKi(p) converges to Ki in the Hausdorff metric (see [8,

















when p→∞. Therefore, the result follows from the linearity of
mixed volumes (see, e.g., [8, Lemma 3.6, page 118]). 
Finally, the next theorem expresses the mixed volume of the convex bodiesK1, . . . ,Kr as a mixed
multiplicity of the chosen graded families J(1), . . . ,J(r). Additionally, we also express the mixed
volume of the convex bodies K1, . . . ,Kr as two types of normalized limits of mixed multiplicities
of ideals. This result can be seen as an extension of [22, Theorem 2.4, Corollary 2.5].
Theorem 5.4. Assume Setup 5.1. Let J(1), . . . ,J(r) be the graded families of monomial ideals













e(d0,d)(m | J(1)p, . . . ,J(r)p)
p|d|
.
In particular, when r= d, we obtain the equalities








e(0,1,...,1)(m | J(1)p, . . . ,J(d)p)
pd
.
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Proof. By applying [22, Theorem 2.4, Corollary 2.5] to the generators of the monomial ideals




= e(d0,d)(m | J(1)p, . . . ,J(r)p). Thus,







e(d0,d)(m | J(1)p, . . . ,J(r)p)
p|d|
.




































Since G1(pn0,n) = G2(n0,n), by comparing the coefficients of G1(pn0,n) and G2(n0,n), we
obtain that e(d0,d) (m








e(d0,d)(m | J(1)p, . . . ,J(r)p)
p|d|
is clear. Finally, the proof is concluded by invoking Theorem 4.6. 
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